THE STOCHASTIC LANDAU-LIFSHITZ-BARYAKHTAR EQUATION: GLOBAL
SOLUTION AND INVARIANT MEASURE

BENTAMIN GOLDYS, AGUS L. SOENJAYA, AND THANH TRAN

ABSTRACT. The Landau-Lifshitz—Baryakhtar (LLBar) equation perturbed by a space-dependent noise is a
system of fourth order stochastic PDEs which models the evolution of magnetic spin fields in ferromagnetic
materials at elevated temperatures, taking into account longitudinal damping, long-range interactions,
and noise-induced phenomena at high temperatures. In this paper, we show the existence of a martingale
solution (which is analytically strong) to the stochastic LLBar equation posed in a bounded domain 2 C R,
where d = 1, 2,3. We also prove pathwise uniqueness of the solution, which implies the existence of a unique
probabilistically strong solution. Finally, we show the Feller property of the Markov semigroup associated
with the strong solution, which implies the existence of invariant measures.
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1. INTRODUCTION

This paper aims to prove the existence and uniqueness of strong solutions and the existence of invariant
measures to the stochastic Landau-Lifshitz—Baryakhtar (LLBar) equation.

Given a magnetic body 2 C R?, d € {1,2,3}, with sufficiently smooth boundary 02, its magnetisation
vector u(t, ) € R3 for any time ¢ > 0 and at any point € 2 (taking into account longitudinal damping
and long-range interactions) at elevated temperatures can be described by the LLBar equation [3], which
is a fourth-order vector-valued nonlinear PDE. For an isotropic polycrystalline ferromagnetic material at

elevated temperatures, the LLBar equation [2, 14, 29] with spin-torque term can be written as:
(0w =\ H — \AH —yux H+ R(u)  for (t,z) € (0,T) x 2,
H = Au + rkiu — ro|ul?u for (t,z) € (0,T) x 2,
u(0,z) = uo(x) for x € 9, (1.1)
ou o0H
— =0, — =0 for (¢ 0,7)x 0
L on B or (t,xz) € (0,T) x 09,
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where %—I: stands for the derivative of H in the direction of the exterior normal vector n on d%. The
vector fields H(t) : 9 — R3 and u(t) : 2 — R3 denote the effective magnetic field and the magnetic spin
field, respectively. The positive constants A, A and -y are, respectively, the relativistic damping constant,
exchange damping constant, and electron gyromagnetic ratio. The constants x; and ko are related to the
longitudinal magnetic susceptibility and equilibrium magnetisation magnitude of the material. For tem-
peratures below the Curie temperature, these constants are positive, while above the Curie temperature
k1 can be negative, similarly to the case of the Landau-Lifshitz—Bloch (LLB) equation. For simplicity,
the constants x; and ko are taken to be positive, and the effective field is assumed to consist of only
the exchange and internal exchange fields, although any additional zero-order terms (such as the external
field and uniaxial/cubic anisotropy field) can be added without any difficulty.

The term R(w) describes transport by the spin-polarised currents [1]. In recent years, various versions
of the Landau-Lifshitz equation which include this term have been intensely studied in physics and
mathematics, giving birth to spintronics, see [20, 30] for the Landau-Lifshitz—Gilbert (LLG) equation
(see also [I, 25] for the LLB equation and [28] for the LLBar equation). This term consists of the
adiabatic and non-adiabatic parts:

R(u) := p1(v - V)u + fau x (v - V)u, (1.2)

where v(t) : 2 — R? is the spin current, and B; and f; are constants. Convective terms of the form

(u - V)u can also be added to (1.2) without significantly affecting the analysis in this paper. Other

phenomenological torque terms which are similar in form to (1.2) have been considered in the literature [18,
] and can be treated in a similar manner.

The LLBar equation describes an averaged magnetisation trajectory. At high temperature, however,
the dispersion of individual trajectories becomes important. To incorporate random fluctuations into the
dynamics of the magnetisation and to describe noise-induced transitions between equilibrium states of a
ferromagnet, many approaches are available in the physics literature. An approach due to Brown [0] is
to perturb the effective field by a Gaussian noise (‘thermal field’). Another suggestion is made in [17]
to perturb the precessional term and add a random torque, leading to an equation with additive and
multiplicative noise. Mathematically, these result in the stochastic LLG equation [7] and the stochastic
LLB equation [3], respectively, where questions related to existence and uniqueness of solutions in the
appropriate function spaces have been studied.

In this paper, we consider the stochastic LLBar equation with spin-torque terms. For simplicity of
presentation, we set k1 = ko = 1. The problem then reads:

du= (MH — A\AH —yu x H + S(u)) dt + ZGk(u) dWy(t) for (t,x) € (0,T) x 2,
k=1
H=Au+u—|u’u for (t,z) € (0,T) x 2, (1.3)
u(0, ) = ug(x) for x € 9,
ou 0H
8?_0’8771_0 for (t,x) € (0,T) x 02,
where {W}, }ren is a family of independent real-valued Wiener processes. For concreteness, we take
Gr(w) = gp +7u X hy;, (1.4)

where g, and hj are given functions with certain regularity. In other words, randomness is incorporated
into the system via a stochastic precession term and a stochastic torque term. This form of (additive
and multiplicative) noise is similar to the one considered in [7, 8], and is necessary to capture important
features of the physical system near equilibrium at elevated temperatures [15]. The argument presented
here would also apply in a more general setting where Gy (u) is prescribed to satisfy certain smoothness
and linear growth assumptions.

In (1.3),

S(u) := R(u) + L(u), (1.5)
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where R(u) is the spin-torque terms defined in (1.2) and L(w) is a Lipschitz function of u. More precise
assumptions on Gi(u) and L(u) are elaborated in Section 2.2. There are two physical reasons to include
the term L(w) in (1.5):

(1) The stochastic term is usually interpreted in the Stratonovich sense for the LLG or the LLB
equation, and converting the Stratonovich differential to the It6 differential results in an additional
drift term. For the function Gg(u) defined in (1.4) (or other form which is linear in w), this
additional term satisfies our assumptions for L(u) described in Section 2.2.

(2) There are other types of phenomenological torque terms which are linear in wu; see [21]. The
simplest anisotropy field is linear as well. These terms can be included in L(u) too.

More generally, very little is known about higher order systems of stochastic PDEs, and the deter-
ministic systems are not well understood either. Recently, such equations appeared in the theory of
micromagnetism to model the onset and stability of magnetic skyrmions in a frustrated ferromagnet [13].

It is interesting to note that systems of fourth-order equations similar to (1.1) also appear in certain
areas of chemistry and biology to model long-range diffusion. In particular, if v = 0 and 2 = 0, then
we have a generalised (multi-species) reaction-diffusion-advection model with long range effects, which is
prominently used in mathematical biology [22, Chapter 11]. The deterministic model arises in population
dynamics to model growth and dispersal in a population [11, 23], and has been analysed in 1-D [10].
Related fourth-order deterministic reaction-diffusion system is also suggested to model anomalous bi-flux
diffusion process [5, 17]. To account for the effect of noise or random reaction terms in the model, it is
physically reasonable to consider the stochastic counterpart of such problems, on which the analysis in
the present paper would also apply.

The well-posedness of the deterministic LLBar equation has been studied in [26], while a numerical
method to approximate its solution has been proposed in [27]. However, to the best of our knowledge,
the stochastic LLBar equation (1.3) has not been studied before. This paper aims to bridge this gap and
initiate a systematic investigation of fourth-order systems of SPDEs.

The main results of this paper are Theorems 2.4, 2.5, and 2.6. Theorems 2.4 and 2.5 state the existence
and uniqueness of a pathwise solution that is strong in PDEs sense. This is achieved by going through
the intermediate steps of proving, in Theorem 2.4, the existence of a martingale solution to (1.3) which is
strong in the sense of PDEs. This is done by means of Faedo—Galerkin approximation and compactness
argument. We then prove, in Theorem 2.5, further regularity properties of the solution and show pathwise
uniqueness of the solution. By the Yamada—Watanabe theorem, this implies existence of a unique strong
solution (in the sense of probability) and uniqueness in law of the martingale solution. In Theorem 2.6,
we show the existence of a non-trivial invariant measure to (1.3) that is supported on H%. To this end,
we use standard arguments: we show the Feller property of the transition semigroup associated to the
strong solution and invoke the general theorem of Krylov—Bogoliubov. All the results we formulate hold
for d-dimensional domains with d < 3.

2. PRELIMINARIES

2.1. Notations. We begin by defining some notations used in this paper. The function space LP :=
LP(2;R3) denotes the usual space of p-th integrable functions defined on 2 and taking values in R3, and
WhP .= WFkP(2;R3) denotes the usual Sobolev space of functions on 2 C R taking values in R3. We
write H¥ := W*2, The partial derivative 9/0x; will be written by 0; for short. The partial derivative of f
with respect to time ¢ will be denoted by 0;.

If X is a Banach space, the spaces LP(0,T; X) and W*P(0, T; X) denote respectively the usual Lebesgue
and Sobolev spaces of functions on (0,7") taking values in X. The space C(]0,7]; X') denotes the space of
continuous functions on [0, 7] taking values in X, while By(X) and Cy(X) denotes the space of bounded
Borel functions on X and the space of bounded continuous functions on X, respectively. The space
LP(Q; X) denotes the space of X-valued random variable with finite p-th moment, where (Q, F,P) is a
probability space.

Throughout this paper, we denote the scalar product in a Hilbert space H by (-,-)g and its corre-
sponding norm by || - ||z. The expectation of a random variable Y will be denoted by E[Y]. We will not
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distinguish between the scalar product of IL? vector-valued functions taking values in R® and the scalar
product of L? matrix-valued functions taking values in R3*3, and still denote them by (-, -); 2.

In various estimates, the constant C' in the estimate denotes a generic constant which takes different
values at different occurrences. If the dependence of C' on some variable, e.g. T, is highlighted, we often
write C(T"). The notation A < B means A < CB where the specific form of the constant C is not
important to clarify.

2.2. Assumptions. Assume that & is an open domain with C?-smooth boundary. For equation (1.3),
we assume the following:

(1) For each k € N,
Gr(u) = g +yu X hy,

where g, : 2 — R3 and hy, : 2 — R? are functions such that
o0 [e.9]
2 2
U; = Z lgrllz < oo and O'}QL = Z |kl < oo
k=1 k=1

(2) The spin current vector field v € L (R*;L>®(2;R?)) is given.
(3) L : R® — R3 is a Lipschitz-continuous function. More precisely, there exists a constant C > 0
such that for all vq, vy € R3,

|L(v1) — L(v2)| < Clvy — val.

The operator A denotes the Neumann Laplacian acting on R3-valued functions with domain

ov
= 2‘7:
D(A).—{'vEH o 00118_@}.

We also define the operator
A=A — (N — A\)A + BI,  with D(A) = D(A?), (2.1)

where 8 > 0 is sufficiently large so that A > Agl for some A\g > 0. Then A is a positive, self-adjoint
operator in L2.
2.3. Auxiliary facts. In our analysis, we will frequently use the following results. For any vector-valued
function v : 2 — R3, we have

V(|v|*v) = 2v (v - Vv) + |v|* Vo, (2.2)

A(jv*v) = 2|Vo*v + 2(v - Av)v 4+ 4Vv (v- Vo) + |[v|*Aw, (2.3)
provided that the partial derivatives are well defined.

Lemma 2.1. Let 2 C R? be an open bounded domain with smooth boundary and ¢ > 0 be given. Then
there exists a positive constant C such that the following inequalities hold:

(i) for any v € D(A),

1
IVollgs < - Ivlliz + el Av]i: (2.4)
(ii) for any v, w € H*, where s > d/2,

[v©w|gs < Cllvllgs lw]g (2.5)
I(w x v) © wljgs < Clluflgs [v]lgs [[wllg. -

Here ® denotes either the dot product or cross product.

Proof. This is shown in [27, Lemma 2.2]. O
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Lemma 2.2. Let R be the map defined in (1.2) and v be given. Then for each € > 0, there exists a
positive constant C' such that for any v, w € H' N>,

| (R(v),v)2 | < ClIV[F2(gme) + € [0l Vo]lE2 (2.7)
| (R(v), w)p | < Cv]f o (gpa (||W||iz + o] |Vv|ui2) +efwl|fs, (2.8)
| (R(v) = R(w), v — )2 | < C |||} (gm0, (1 + leliw) v —w|i: + €| Vo - Vwli.. (2.9

Proof. Inequality (2.7) follows directly from Young’s inequality. To show (2.8), we apply Holder’s and
Young’s inequalities to obtain

[ (R(0), )13 | < C(1Wlm o 190lz + 19 0] (90l ) o],

< ClW I gy (19012 + 0] [V0]122) + € ]l

as required. Finally, writing
Rv)—R(w)=—(v -V)(v—w)+ fv—w)x (v-V)v+pwx (v-V)(v—w),
we then have by Young’s inequality,
| (R(v) = R(w),v — w)p2 | < CV|}w(gpo) v — w|F2 + €| Vo - Vool £
+ C IR gy 0 0 — ]2

This completes the proof of the lemma. O
2.4. Formulations and main results. We assume that we have a filtered probability space (Q2, F,F,P),
where F = {F; }+>0 is a filtration satisfying the usual conditions. We assume that on this probability space

a sequence of independent real-valued F-adapted Wiener processes {Wy(t)}+>0 is defined.
The notion of solution to (1.1) used in this paper can now be stated.

Definition 2.3. Given T > 0 and initial data ug € H?, a martingale solution (Q,F,F,P,W,u) to
problem (1.3) in [0, 7] consists of

(1) a filtered probability space (2, F,F,P) with the filtration F = {F;}+>0 satisfying the usual condi-
tions,

(2) a sequence of real-valued F-adapted Wiener processes Wy, = {W(t) }+>0,

(3) a progressively measurable process u : [0,7] x Q — H? such that P-a.s.

w e L®(0,T;H?) N L0, T; HY),
and for every t € [0,77], P-a.s.

u(t) :uo—}—/\r/o H(S)ds—)\e/o AH(S)d5—7/0 u(s) x H(s)ds
+/0 R(u(s)) ds —l—/o L(u(s))ds+ ;/0 (g +yu(s) x hy) dWg(s), (2.10)

where H (t) = Au(t) + u(t) — |u(t)>u(t) a.c.
The main results of this paper are stated below.

Theorem 2.4. Let 2 C R?, where d = 1, 2, 3. Let ug € H? and g, hj, € H? be given. There exists a
martingale solution (Q, F,F,P, W, u) of (1.3) such that

(1) for any ¢ > 1,

ue Ll (Q; L%°(0,T; H?) N L2(0,T;H4)),
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(2) for every 8 €10,1), 6 € (0,1 — ), P-a.s.,
u € C°((0,7); D(AP)), (2.11)
where A is defined in (2.1). In particular, w € C([0,T]; H?).

Theorem 2.5. Suppose that (Q, F,F,P,W,uy) and (Q, F,F,P, W, us) are two martingale solutions to
(1.3) in the sense of Definition 2.3. Then, for P-a.s. w € Q,

ul(') w) = u2('7 w)'
This implies the existence of a pathwise unique (probabilistically) strong solution of (1.3) and the unique-

ness in law of the martingale solution of (1.3).

Theorem 2.6. There exists an invariant measure for (1.3) supported on H?.

3. FAEDO-GALERKIN APPROXIMATION

Let {e;};en denote an orthonormal basis of IL? consisting of smooth eigenfunctions e; of —A such that

—Ae; = ;e; in 9 and % =0 on 09, VieN,

where 1; > 0 are the eigenvalues of —A, associated with e;.
Let V,, := span{es,...,en} and II,, : L2 — V,, be the orthogonal projection defined by

(L, )2 = (v, P)2, VP eV, vel? (3.1)
Note that II,, is self-adjoint and satisfies
Moz < foll2, Vo el?
IVILolle < [Volle, Vo e H.
Moreover,
(L, Av, )2 = (ATL,v, @)1z = — (VII,v, V)2, Yo €V, vecH.

The Faedo—Galerkin method seeks to approximate the solution to (1.3) by (wn(t), Hy(t)) € V,, x V,,
satisfying

dun, = (AvHy, — AAH, — 0 (g x Hy) + 8 (un)) dt + > T, Grlun) AW () in (0,T) x 2,
k=1
H, = Au, +u, — 1, (Jug 2uy) in (0,7) x 2,
un(o) = Uon in @,
(3.2)
where ug, = II,ug € V,.
Substituting the second equation in (3.2) into the first gives

du, = (()\T — Ae)Auy, — A A%u, + Ny, — )\rﬂn(|un|2un) + )\eAHn(|un|2un) — I, (w, X Auy,)

+ AL (X T (e[ wn)) + T S (wn)) dt + Y T Gi(un) AW (2). (3.3)
k=1

The existence of a unique local strong solution to (3.3), hence to (3.2), follows from Lemmas 3.1 and 3.2
shown in the following and [9, Theorem 10.6].

Lemma 3.1. For each n € N and v € V,,, define
Fl(v) = Av + v,

Fii(v) =
Fi(v) = ~1I, (!’vl2 );
n(v) = M A(jv[*0),
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Then Fg, j=1,2,...,7, are well-defined mappings from V,, into V,,. Moreover, F!, F2 and G, are
globally Lipschitz while F3, % F5 FS and F! are locally Lipschitz.

Proof. Global Lipschitz continuity for ! and 2, and local Lipschitz continuity for F3, F4, and F> were
shown in [26, Lemma 3.2]. Also, G, is linear, so it is clearly globally Lipschitz. Next, for any v, w € V,,

HFS('U) — FS(w)HLQ < H'v X Ff;’(v) —w X Pff('w)H]L2
< v x (F(v) = Fi(w)) [z + || (v = w) < F(w)]]|.
< ol || P (0) = B (w)|| 2 + [l oe o — ]|y

Since all norms on V,, are equivalent and F° is locally Lipschitz, F? is locally Lipschitz.
Finally, F(v) = IT,R(v) + I, L(v). The map L is globally Lipschitz by assumption. Moreover, for
any v, w € V,,

[T, R(v) — I, R(w)||p 2
< (- V)(v=w)llp2 + B[(v—w) x (v V)v|p+ Bllwx (v V)(v—w)l.

< Wl gty [0 = wllgs + B 10l ity [0l [0 = Wl + B [V e ety [0 0 — w0l
Since all norms on V,, are equivalent, this implies F’ is locally Lipschitz. This completes the proof. [

Lemma 3.2. Foreachn € Nand v € V,,

7
<ZF£(U),1J>

where C,, is a constant, possibly depending on n.

n
+ > I Grw) 22 < Co (14 02 )
]L2 kZI

Proof. We will estimate each term on the left-hand side. Firstly,
2 2 2 2
(Fp(v) + Fi(v),v), = = [VollL2 + [[vllf2 — [|Av]L: < (o]l

Moreover,

(F(0) + F}0),0),0 = [ollts = o] [VllZs — 3 [ V10?72 < ~ o] Vol .
and
(F2(v) + Ff(v),v);, = 0.
Also, by Young’s inequality and the assumptions on v and L,
(Fi(v),0);, = (R(v) + L(v), )12 < C V[ 2gma) + €[] [V0l[F2 + C (L + [|v]If2)

for any € > 0. Finally, by Holder’s inequality,
n
> I Gr() 2 < Cogon (1+ o]z -
k=1

Adding all the above inequalities yields the required result. O
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Before proceeding to prove uniform bounds for the approximate solutions u,,, to simplify notations we
write (3.2) as

duy, = Fo(tn, Hp) dt + > Gr(ug) dWi(t), in (0,7) x 2,

h=1 (3.4)
H, = Au, +uy — 1, (Jug 2uy) in (0,T) x 2,
un(o) = Uon in @,
where
Fp(tn, Hy) == \H, — NAH,, — 11, (u, x H,) — 11,5 (u,), (3.5)

Gr(up) :==1,(g; + yun X hy).
Now, we prove uniform bounds for the approximate solutions wu,,.

Proposition 3.3. For any p > 1, n € N, t € (0, 00),
2p
sup ||un (7)1

e cE[( [ ivunsas) ] e ([ 1awontas)’
o K/ [feen ()] [V ()11 d5> }*E [(/ et (s) 4 ds>p} < C fluol|’ + C(1+ ¢,

where C' is a positive constant depending on p, o4, and o}, (but is independent of n).

E

Proof. Let ¢ : V,, — R be a function defined by v +— % |v||Z2. Then
Y (v)(h) = (v,h) . and " (v)(h,k) = (k,h)., Vh,keV,.
By Ité’s Lemma,
(1) = (i, ) 5+ (ot i) (3.7)
Therefore, by (3.7) and (3.4), we deduce that

%d [ ()22 = ((Fn(un,Hn),un>Lz + % > y\Gk(un>||§2> dt + > (Gr(tn), wn)p> dWi(t).  (3.8)
k=1 k=1

Note that by (3.5) and (3.6), we have
(Fr(tn, Hy), un)p2 = A (Hns tn)r2 = Ae (AH p, Un)y2 + (S(wn), un)p2
= Ar (Hn, un)p2 = Ae (AHp, un)p2 = (V- V), un)p2 + (L(un), tn)p2
= (e = M) [Vanlfz = Ac [Aun|F2 + A llunllZ2 = A [unllis = Xe lllual [V ||
—2X¢ [lun - V“ﬂ”]%‘? — (¥ V)up, wp)y2 + (L(un), un)y 2 (3.9)
and
(Gr(un), un)r2 = (gk> Un)y2 - (3.10)

Substituting (3.9) and (3.10) into (3.8) and applying Hoélder’s inequality yield
t

@400 [ 19 ds + [ 3w ds 0 [ o)l
t t
e [ o) V(1R ds+2 [ o (o) - V(9] s

1 t t t
= ol [ o) s o [ 196 ds = [ (0 Do) (o)) s

+/0 (L(wn(5)), n(s))p2 ds + = Z/ |G ()| ds+z/ Gjo n(8))p2 AWi(s)
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1 2 ¢ 2 ! 2
< ol 0 [ (@l ds 0 [ 1V (5)122 ds
t t
+C [ Il (@) Va9l ds +C [ (14 fun (922 s
1 n t n t
30 [ Ol + Il ()1 )as + 3 [ (gt (s))ea awis)
k=1 k=1
2 ¢ 2 K 2 ! 2
<Ct Clluolfs + € [ un@)Eads e [ [dun()leds +e [ lun(s)] Va6 ds
0 0 0

+3 / (G ()12 AWi(5), (3.11)

for any € > 0, where in the penultimate step we used the assumptions on L and v, while in the final step
we used the assumptions on g, and hy, Young’s inequality, and interpolation inequality (2.4).
It follows from (3.11) and Jensen’s inequality that, after rearranging the terms, for any p > 1,

t p t P
sup (7 ( / V(s ||L2ds) +( / \\Aun<s>||izds) +< / Hun<s>\i4ds>
7€(0,t

Z/ (G> un(s ]L2 dWi(s )

It remains to estimate the last term in (3.12). To this end, by the Burkholder-Davis—-Gundy inequality
and the Holder inequality (noting the assumption on g;.), we have

n t p/2_
2
<G,E (kil/o | (gr> wn(s))p2 | ds) |

0o p/2]
<CE (Z/ lgxll?- IIun(s>Hizds)
k=170 i
n p/2 : p/2
_c(ZuguﬁQ) ([ huatopias) ]
k=1

t
51+/ E | sup Hun(f)ufggl ds
0

T7€[0,s]
Therefore, taking expectation on both sides of (3.12), we obtain

<1+ Juoll / ()% ds + sup
T€[0,t]

(3.12)

n p

> [t unl)o i)

k=1

E | sup

T7€[0,t]

P
e | s 22| +2 ([ 1 oias) | <2 [( [ 1w oigas) |
T€|(0,t
t ) P t . t )
+E [(/ wn (8)] | Vun(s)]]lf 2 ds) ] +E [(/ lwn(s)||ga ds) ] 1 +/ E | sup [lu,(7)[/%] ds.
0 0 0 T€[0,s]
The required estimate then follows by the Gronwall inequality. O

Proposition 3.4. For any p > 1, n € N, ¢t € (0,00),

E | sup (IVen(m)F5 + lun()%)

T7€[0,¢]

t P
+E K/ | H ()| ds> } < C luol| + C(1 + €Y,
0

where C' is a positive constant depending on p, o4, and o}, (but is independent of n).
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Proof. Let ¢ : V,, — R be a function defined by v ~ 1| Vo[> + 1 |jv[|{s — L [[v[]72. Note that by Ito’s
formula [19], we have

1 1 n
id Hvun(t)H?LQ = <_ <F(un7 Hn)? Au’n>]L2 + 5 Z ||VGk(u”)’H2_,2> dt — <Gl€(un)> Au’”>]L2 de’(t)v
k=1 k=1

1
Zd Hun(t)H]i‘l = <<F(un7H ), |un|2un Z [[lwn||Gr( un)’”ﬂﬁ)

+ Z <Gk(un)7 |un|2un>]L2 de’(t)7
k=1

n

~ ()2 = (— (F(un, ), )i — 5> HGk<un>uiz) at = (Gi(tun) )2 AW (1),
k=1

k=1

Adding the above equations and noting (3.4), we obtain

dip(u,) = (‘ <Fn(unaHn),Hn>L2 + Z [ VG (un ||]L2 +5 |||un‘ |Gk(un)|||]L? -5 HGk(un)HLQ]) de
k=

n

- Z Gr(wn), Hyp)ypo AWy (t). (3.13)

By (3.5) and (3.6), we have
(Fo(wn, Hn), Hy)p2 = A | Hall22 + A | VHullt2 + (S(un), Ha)pz | (3.14)
and
(Gr(un), Hu)yp2 = (g +vYun X hy, Hy)y o (3.15)

Substituting (3.14) and (3.15) into (3.13), then applying Holder’s inequality and inequality (2.8) (noting
the assumptions on R and L) yield

t t 1 n t
Vln(®) + 0 [N ds 0 [ IV s+ 53 [ Gkl ds
k=1
t t 1 n t 9
= 0(wn(0) ~ [ (Rl Habyods = [ (L) Hoads 55 [ 96k (un(o)E2 s
0 0 = Jo
3 n t ) n t
5 20 [ M) Gt (DI s = 3 [ e yuas) % b Ho ) aiWis)
k=1 k=1
¢ 2 2 2 K 2 ! 2
< (a0 + C [ 1z (190l + el (V) ds e [ IHIE ds € [ 2
nooat
=0 [ (19gulEe + Il IVl + el VA2 ) ds
k=1
n t n t
O3 [ (ol ual e + el ) s = 37 [ g+ 71 ¢ ha H o Wil
k=1 k=1
t t
Stae [ IHAE s+ [ [l (Fun | ds
0 0

n t
S (llgelits + ||hk\%§p)] ( 1 Tl + V2 ds)

k=1

+
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n

t n t
Z(Hgkriwﬂhknim)] ([ e+ niteas) = 3= [t v i F ) Wit
k=1

k=1

t t
e [ st [l (Dl ds
0 0

+

t n t
+/ (a2 + llenliEs + 2l ) ds—Z/ Gk + Ytn X hig, Hy)y o dIWi(s) (3.16)
0 k=170

for any € > 0, where in the last step we used the assumptions on g, and hi. By Jensen’s inequality, after
rearranging the terms and noting Proposition 3.3, it follows that

t p
sup (19 (2 + aa2) + ([ 10 as) o+ ([ 190 0s)
T€[0,t] 0

t V4
51+( / |r|un||wn|uﬁzds) +( /0 uun<s>uiz+\un<s>uﬁ4+||Vun<s>|rizds)

n p

Z/O (g1 + Ytn X hy, Hy)p 2 dWi(s)
k=1

Now, we estimate the last term on the right-hand side of (3.17). By the Burkholder-Davis—Gundy
inequality and the Hoélder inequality, we have
P
sup
T€[0,¢]

p/2
<CpE Z/} gi +yun X hy, H LQ‘dS)

n p/2 ‘ p/2
(Z (lgeli2 + ||hk||im)> E ( | el 1,2 ds) ]

k=1
p/2

<CE <1+ sup |[|un (7 IIL2> (/ [ Hn(s !de8>
7€(0,t)

(1 - runmniz)p vee|( [ E)E d)]
<14¢E K/Ot |2 dsﬂ (3.18)

for any € > 0, where in the penultimate step we used Young’s inequality, while in the final step we
used Proposition 3.3. Taking expectation on both sides of (3.17), choosing € > 0 sufficiently small, and
substituting (3.18) into the resulting expression, we obtain

va|([imeia) | v2 [( [Ivaoize) ]
S+ ([ uno) B+ (o)1 d)} -

Applying Proposition 3.3 yields the required estimate. O

+ sup
T€[0,¢]

(3.17)

n

£ Z/ <gk +Yup X hk7 H”)]LQ de(S)

<E

~

E [ sup, (19 (I + lua (7))

T€E[0,¢

Proposition 3.5. For any p > 1, n € N, ¢t € (0, 00),

t P
E [( 1V Aun(s)]22 ds) } < O luol® + C(1 + %),
0
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where C' is a positive constant depending on p, o4, and o}, (but is independent of n).

Proof. Using the second equation in (3.2) and Holder’s inequality,

( 1Vt ()] ds)p: +E </Ot IVH ,(s)]2 ds>p: +E [(/Ot 19 (Jtn () P2t (5)) | . d8>p]
<[( [ 1Ivueias) | < [([1vmepas) ] 2 ([ i v eiko) ]
(

(ng[l& Hunmuﬁﬁl)p ([t d)]
< [( [ Ivuia) | ve[([1vaeia)]
([ 1terizaas)”

where in the fourth line we also used the Sobolev embedding H' < LS, and in the last step we used
Young’s inequality, Proposition 3.3, and 3.4. This shows the required estimate. ]

2p
+CE (Sup ”un(T)H%p) +CE <C,

T€[0,¢]

Proposition 3.6. For any p > 1, n € N, ¢ € (0,000),

¢ P
| sup 18w, (| +E | [ 198wl as) |
T€[0,t] 0
! 2 2 8 2p Ct
+E [ A%un(s)||2ds ) | < Clluollzz + C(1+€“"). (3.19)
0
Furthermore,
E SL[IP]IIHn(T)IIiQ < Cluollgh + C(1+ ), (3.20)
7€(0,t

where C' is a positive constant depending on p, o4, and o}, (but is independent of n).

Proof. Let 1 : V,, — R be a function defined by v — 3 |Av||?5. Similarly to the proof of Proposition 3.3,
by It6’s lemma,

1 1 n n
5d | Aw, (t)]3, = ((Fn(un,Hn), Ay, + 3 > HAGk(un)HiQ> At + > (Gr(un), A%upy) , AW (2).

k=1 k=1
(3.21)
Note that by (3.5) and (3.6), integrating by parts as necessary, we have
<Fn(un, H,), A2un>L2
= Ar (Hp, A%up )5 — Ae (AH, A%y )y 5 — 7 (i X Hyp, A + (S(un), Hy)ypo
= A (Hoy A%, 10 — A [|[A%00][25 4+ A [V A 22 + Ae (A(Junl?un), A%u,),
— <un x H,, A2un>]L2 + <R(un), A2un>L2 + <L(un), A2un>]L2 (3.22)

and

<Gk(un), A2un>L2 = <gk + Y, X hy, A2un>L2 . (3.23)
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Substituting (3.22) and (3.23) into (3.21) yields

1 t 2
18w 0+ [ |a%u()]F, ds
0
1 2 1 [ 2 ' 2 ' 2
= — [[Augl{2 + *Z [AGE(un)|[f2ds + Ar [ (Hp, A un>L2 ds+ X | [|[VAu,|j2ds
2 2=Jo 0 0
t t t
+ Ae/ <A(|un|2un), A2un>L2 ds — 7/ <un x H,, A2un>L2 ds + / <R(un)7 A2un>L2 ds
0 0 0
t noo
+/ <L(un)a Azun>]L2 ds + Z/ <gk + YU X by, A2un>L2 dWp.(s)
0 = Jo

= % Aoz + Io(t) + I3(t) + Lo(t) + Is(t) + Is(t) + Ir(t) + Is(t) + Io(t). (3.24)

We shall bound each term appearing on the right-hand side of (3.24). Firstly, for the term I(t), by (2.5),

n t t
L) <CY /0 (lgalZe + 7 luenllZe \hkuip)dssc(w /O [ ds).
k=1

Secondly, for the term I5(t), by Young’s inequality,

t t
|I3(t)] < c/ | H., |2 ds+e/ HA%anm ds
0 0

for any € > 0. The term I4(t) will be left as is. For the term I5(t), noting (2.3) and applying Hélder’s
and Young’s inequalities, we have

t
I5(8)] < A /0 (el A2 [[A%un |y + e V20 (| A% ) ds
t t t
<C [l 8wl ds e [ A% s+ € [ Vi as

t t
< [l s+ [ 8% 2 d
0 0

for any ¢ > 0, where in the last step we assumed d = 3 for brevity and used the Gagliardo—Nirenberg
inequalities

2 4 3
Hun”]Loo <C ||un||IHI1 ”un||H2 and ||Vun||L4 <C ||unHH1 ||un||H2 )

and the interpolation inequality
2
[unllfe < Cllwnllg [[wnllgs -

The case d = 1 and d = 2 can be handled similarly. Next, for the term I4(t), we applied Young’s inequality
and Sobolev embedding to obtain

t t t t
2 2
01 < € [ a1 Hads e [ 8% ads < € [ funlB 1Bl ds e [ 1072 ds.

For the term I7(t), we used (2.8) to obtain

t t
2
(1) < C /O W12 ety (I1V 20122 + ] [VatalllZ2 ) ds + € /0 A% ds.

For the term Ig(t), by the assumption on L and Young’s inequality,

t t 9
RO <C [ (14 ) ds e [ A%, ds
0 0
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For the moment, we keep the term Io(t) as is. Altogether, substituting these bounds into (3.24) implies
1 2 t 2 2
5 18w O 2 [ A%, (9] ds
0
2 A2 2 ! 2 ! 2 ! 4 2
S lduolls +e [ (1A% 2 ds+ [ fualiods+ 1B s+ [l o as
0 0 0 0

t t n t
+ /0 et |2 | E ]2 dis + /O et [V |22 ds + 3 /0 (g1 + 7t % gy A2, AW (5)
k=1

for any € > 0. Choosing € > 0 sufficiently small, rearranging the terms, and applying Jensen’s inequality,
we obtain for p > 1,

sup ||Awu, (T (/ HA2un HL2ds>
7€[0,t]
t 9 p t 9 p
s+ ([ ||un<s>uH3ds) + ([ 1 0s) +(sup funlr ||H1) ([ runtopitas)
0 T€[0,t]
t 9 p
+(sup feun rm) ([ 1rats ||H1ds> w ([ el 192 as)
T€[0,t] 0

n p

t
Z/o <g/,C + yu, X hk,A2un>L2 dWi(s)
k=1

+ sup (3.25)

T€[0,t]

n

We will estimate the last term on the right-hand side of (3.25). By the Burkholder-Davis—Gundy in-
equality and the Holder inequality, we have
. P
Z/ (gi + vttn X b, A ), AW (s) ]
k=170

noo p/2
<G E (Z/ | {9k + yun X By, Ay ‘2d8>
k=170

n p/2 t ) p/2
‘( (||gkuim+uhk||im)) ([ 1 o) 12w 0) |
k

=1
p/2

< CE <1+ sup ||Un HL2> </ HAQ’u,n H]LQ dS)
T€[0,t]

(1 * s Hun(T)II?La)p + ek K/ﬁt 1822 (s)]|7 dS)p]
S1+cE [(/Ot A%, (s)|2, dsﬂ (3.26)

for any € > 0, where in the penultimate step we used Young’s inequality, while in the last step we
used Proposition 3.3. Taking expectation on both sides of (3.25), substituting (3.26) into the resulting
expression, and choosing € > 0 sufficiently small, we obtain

2
E [ sup HAun(T)HLg

e [(f lamiotar) |
<1+4E K/Ot [ |2 dsﬂ +E [(/Ot | H., |7 dsﬂ +E

E | sup

7€[0,t]

IA

SE

~

(sup fun(r HH1> (/ un(s) uﬂgds)]
T€[0,]
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<Ti“§’t e (7 ||L4>p ( / N H(5) ds)p i E [( /t (Va2 dsﬂ
([ 1monas) Toe[ ([ 1atas des)Q]
+E (sup (7 ||H1> (/Ot||un(5)”%3ds> p]

T€[0,t]
t ) 2p
( [ ds)

2p
+E (Sup Hun(T)H]zm)
T€[0,t]

<14

15

t P
‘E [(/ et [Vt 22 ds> ] <1,
0

where in the penultimate step we used Young’s inequality and in the final step we used Proposition 3.3,

3.4, and 3.5. This proves (3.19).

Finally, since H, = Au, + u, — II,(Ju,|?u,), we obtain (3.20) by using (3.19), Proposition 3.4, and

the triangle inequality. This completes the proof of the proposition.
Proposition 3.7. For any p > 1, n € N, ¢ € (0, 00),

e[([1smie) ] <c
[ It ) os) | <
| /O T8 ) 25 d) <c

where C' is a positive constant depending on p, t, 4, op, and ||ug||ge-
Proof. By (3.2) and (2.6),
IAH [l 2 < [|A%un[ 12 + 1A% 2 + [|A(unwn)]], 5
< || A%un | + [[Awn g2 + o5 -

Similarly, by Holder’s and Young’s inequalities,

([t <of [ 1) o v

][ i) | <c

where in the last step we used Proposition 3.3, 3.4, and 3.5. This proves (3.27).
Next, by (2.5) and Young’s inequality,

| (wn X Hy) s < [[un X Aty llge + [|un X l'In(]unPun)HH2
4
< Clunllg: [Aupllg + C llun |2
< Clunlliz + C | Aualgz + C [l -

Similar argument as before (noting (3.19)) then yields (3.28).
Finally, by the definition of R and L, and Hoélder’s inequality,

g

(3.27)
(3.28)

(3.29)

Eaas) |

2 2 2
LS () [E2 < C [0 (giey IVEllE2 + C V] E o0 iy l1unlle [ VatnlZz + C (1 + lunllzz ).

Therefore, taking expectation, then applying Young’s inequality and Sobolev embedding,

e [( [ imstizeas) <o e [ ([ i) e[ ([ o) ] <
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where we also used Proposition 3.3, 3.4, and 3.5. This shows (3.29), thus completing the proof of the
proposition. O

4. PROOF OF THEOREM 2.4: EXISTENCE OF A MARTINGALE SOLUTION

In this section, we prove the existence of martingale solution to (1.1) as stated in Theorem 2.4. First,
note that equation (3.4) can be written as

U (t) = u, (0) —i—/o Fn(un,Hn)ds—i—Z/O Gr(uy,) dWi(s)
k=1

—: un(0) + /0 Fo(tn, Hn) ds + By (tn, W)(1), (41)

where F}, and G}, were defined in (3.5) and (3.6), and H,, = Au, +u, —II,(|u,|?u,). Moreover, uniform
bounds for u,, established in Section 3 imply the following proposition.

Proposition 4.1. Let p>2,¢> 1, and a € (O, %) with ap > 1. There exists a constant C' such that for
all n € N,

q

E <C, (4.2)

t
/ F.(u,, Hy)ds
0

H1(0,T;L2)

E (1B (1, W) (2) <c (4.3)

q
e iras
where C' is a constant depending on p, ¢, o, T', 04, oy, and |Jug||g2 (but is independent of n).

Proof. Inequality (4.2) follows immediately from Proposition 3.4 and 3.7, while inequality (4.3) is a
consequence of Proposition 3.4. ]

Proposition 4.2. For any p € [1,00) and S > 0, the set of laws {L(u,) : n € N} on the space

Y := LP(0, T; Wh4) n L2(0, T; H3) N C([0, T]; X7 (4.4)
is tight.
Proof. Proposition 3.3, 3.4, 3.6, and 4.1 show that for any ¢ > 1,

q
E {llnll o 0.0:) 0 22000 nweso.ran < C

This and the following compact embeddings
LP(0, T; H?) N WP(0,T;1L%) < LP(0,T; W) n C([0, T); X—7),
L2(0, T; HY) N WP(0, T; L2) — L2(0, T;H?) N C([0, T]; X#)
implies the required result. U

By the above proposition, we can find a subsequence of {u,}, which is not relabelled, such that the
laws L(wu,, W) converge weakly to a probability measure p on Y x C([0,T]; R*). Noting that the space
Y x C(]0, T]; R*) is separable, we then have the following proposition by the Skorohod theorem.

Proposition 4.3. Let Y be the space defined in (4.4). Then there exist

(1) a probability space (€, F',P),

(2) a sequence of random variables {(u,,, W,)} defined on (£, 7/,’) and taking values in the space

Y x C([0, T]; R*).

(3) arandom variable (u/, W’) defined on (€, 7', ”’) and taking values in the space Y x C([0, T7; R*),
such that in the space Y x C([0,T]; R*>),

(1) the laws L(w,, W) = L(u],,W]) for all n € N,

(2) (u,,W)) — (u',W’) strongly, P'-a.s.
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Remark 4.4. By the Kuratowski-Suslin theorem, the Borel subsets of C([0,T7];V,,) are Borel subsets of
Y. Moreover, P-a.s., u,, € C([0,T];V,). Therefore, we may assume that u, takes values in V,, and that
the laws on C([0,T];Vy,) of u, and u), are equal. It is then straightforward to show that the sequence
{u),} satisfies the same estimates as the original sequence {u,,}, namely for any ¢ > 1,

supE’ | sup Hu;l(t)H]?H% < 00, (4.5)
neN te[0,7) ]
T q]
sup E/ (/ H'LL;L(S)H?HI4 ds> < 00, (4.6)
neN 0

T q
supE/ [(/ HH;L(S)H?HIQ ds> < 00, (4.7)
neN 0

t a7
sup E/ [(/ Hl’[nS(u'n)Hi2 ds> < 00, (4.8)
neN 0 J

where H! = Au!, + u!, — I1,,(|u/,|*u’)).

Subsequently, we will work solely with processes defined on the probability space (', F',F' P'). To
simplify notations, we will write (Q, F,F,P) instead. The new processes W,, W' and w] will also be
written as W,,, W, and w,,, respectively. We remark that, as in [7], the processes W/} and W’ are Wiener
processes on (Y, F' F' P').

Now, define a sequence of L2-valued processes

M, (t) == up(t) — un(0) — /0 Fo(up, Hy)ds. (4.9)

Then for each t € [0,T], we have
M, (t) = Bp(un, Wy)(t), P-as.,

where B,, and F), are as in (4.1).

Lemma 4.5. Let H, := Au,, + u, — II,(Ju,|?u,) and H := Au + u — |u>u. Then P-a.s.,
H, — H strongly in L*(0,T;H").

Proof. Since w,, — wu strongly in L?(0,T;H?), it is clear that Au, — Aw strongly in L2(0,7;H!).
Moreover, by Holder’s inequality,
|||, — ‘u|2uHL2(O7T;H1) < [l (e — U)HL2(0,T;H1) F [ (un =) - (un +w)ull g2
< HunH%G(O,T;]LG) lwn = ull oo 10y

+ 2wl 50,108 1IVUnll pao sy e — vl s o s

+ lun — ull oo, rie) lun + wll oo, sy 1wl 2o o, rws)

FIVun =Vl pag ey lun + wll s o sy 1wl s o708

+ lun — ull s s Vun + V| pag oy 1wl s o 7o)

+ llun = wll s, s llun + wllpso s [Vl pag ey -
Noting the embedding W!* < L% and using Proposition 4.3, we have that I, (|u,|?w,) — |u|?u strongly,
P-a.s. in L?(0,T;H'). This implies H,, — H strongly in L?(0,T;H'), as required. O
Lemma 4.6. Let u,, and u be processes defined in Proposition 4.3. Then for any ¢ > 1,

u, — u weakly in L?7(Q; L°°(0,T; H?) N L*(0, T; H*)).

Furthermore, u € L?1(Q; C([0,T];HZ)).
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Proof. By Proposition 4.3 and Vitali’s convergence theorem, we have for any ¢ € L* (Q; L?(0,T; LQ)),

5| [ " fun®), (D) a6 lf " fu(t), 600 | (4.10)

On the other hand, the Banach—Alaoglu theorem (noting (4.5) and (4.6)) confers a subsequence of {u,},
which we do not relabel, and v € L% (Q; L>(0,T;H?) N L?(0,T; H4)) such that

w, — v weakly in L?(Q; L>®(0, T;H?) N L*(0, T; H*)).

2
Let U:= L% T (Q; L0, T; X1 N L*(0, T;X%)). Noting that L4 (€; L>(0,T;H?) N L*(0, T; H*)) = U*,

e E ' up(t,x)  Y(t,z)dedt| - E ' v(t,z) - p(t, ) dedt (4.11)
0 Jg 07

for any 9 € U. By the density of L* (Q; L?(0,T; ]LQ)) in U, we conclude from (4.10) and (4.11) that u = v
in L2(€; L°°(0, T; H?) N L?(0, T; HY)).

Finally, Proposition 4.3 implies u,, € C([O, T];Hgv). Since u,, — u weakly in L% (Q; L>(0,T; HQ)) and
the space C ([O,T];H%V) is complete, we deduce u € L% (Q; c([o,T ],Hgv)) This completes the proof of
the lemma. O

We now show the convergence of each term in (4.1).

Lemma 4.7. For any x € H!,

t 1 t
lim E [/ (Hp(s),x)p2ds| =E / $), X)1.2 } ;
n—oo 0 ] 0
t 1 t
lim & U (VH o (s), V)2 ds| = E / ), Vx) g2 ds ] ,
n—oo 0 i 0
t 1 t
lim [ [/ (I (un(s) X Hy(s)),x)p2ds| =E / (8),x)p2 ds }
n oo 0 i 0
; -
nh_}rr;oE [/0 <HnS(un(s)),x>L2 ds| =E /0 <S( ),x>]L2 ds} .
Proof. By the same argument as in [26, Proposition 4.1], using Proposition 4.3 and Lemma 4.5, we have
P-a.s.
t t
i [ (HA(s) 01 ds = [ (H ()0, ds,
t t
lim [ (VH,(s), VX);2 ds = / (VH(s), VX);.2 ds,
e Jo 0
t t
T [0 ()% L 00) 30 ds = [ as) % B (5) 0 .
t t
[ LS (). 3025 = [ (S(ul)) )0
Furthermore, by Hélder’s inequality (noting (4.5), (4.6), (4.7), and (4.8)), we have
t 2]
SggE /0 (Hu(s),X)r2ds| | < 1 HnllZao,r2 02 X[ 71002002y < 00
t 27
SlelgE /0 (VH ,(s), V)2 ds| | < HVHTLHi‘l(Q;L?(O,T;]L?)) ”VXH%‘l(Q;L?(O,T;L?)) < 09,
! d 2 2 2
SlelgE /0 <Hn (un(s) X Hn(s))7X>L2 ds| | < ||UnHL8(Q;L4(o,T;1L4)) HHn||L4(Q;L2(0,T;JL2)) HXHLS(Q;L‘l(O,T;]L‘l))
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< 00,
t 2 ) )
SuII\)]E /0 <HnS(un(8)) ) X>]L2 ds < HS(un(s)) HL4(Q;L2(O,T;]L2)) HX”L“(Q;LQ(O,T;LQ)) < 0.
ne
The results then follow from Vitali’s convergence theorem. O

Lemma 4.8. Let § > 0. For every t € [0,T], the sequence of random variables M, (t) defined in (4.9)
converges weakly in L?(€; X) to a limit M (t) given by

M(t):u(t)—u(O)—)\T/ H(s)ds—i—)\e/o AH(s)ds—i—’y/O u(s) x H(s)ds

/R ds—/ L(u(s))ds,

where H(s) = Au(s) + u(s) — u(s)Pau(s).

Proof. Let t € [0,T] and ¢ € L?*(Q;XP). Since u,, converges to u in C([0,T]); X~#), P-a.s., we infer that
lm s (un(t), @)xs = x-s (u(t), P)xs, P-as.
n—oo

Furthermore, by the embedding H! < X~ and (4.5), we have

supE [ (un(0) b ] < sup (& [Jun1E])* (B [I01])* < .

neN
Therefore, by Vitali’s convergence theorem,

hﬁgoE[xfB (un(t), d)xs | = Ex-s (u(t), d)xs |-

n—
This, together with Lemma 4.7, imply the required result. U
Lemma 4.9. Let 8 > 0, and let u, and u be processes defined in Proposition 4.3. Then for every
te (0,77,
n—oo
X8
Proof. The proof of this lemma is similar to that of [7, Lemma 5.2] and is omitted. O

We can now prove the first main theorem of the paper (Theorem 2.4).

Proof of Theorem 2.4. By equation (4.9), Lemma 4.8, and Lemma 4.9, we deduce that for every ¢ € [0, T,
ot
-y / Gi(w) dWi(s) in L2(9;X5).
k=10

This implies that P-a.s., u € C([0,T);H2) N L2(0, T; H?), and (u, W) satisfies equation (2.10). The proof
that u € C([0,7T); H?) and (2.11) is deferred to Lemma 4.10 below. O

The proof of Theorem 2.4 will be complete once we show the following parabolic regularisation estimate.
Let e~*4 denote the analytic semigroup generated by A, where A was defined in (2.1). Given ug € D(A'/?),
we can write the solution (see [12]) as:

u(t) = e Hug + (A + ) /0 e 4u(s) ds — A, / e~ =94 (ju(s)Pu(s)) ds

0

te*(t*S)A u(s)|?u(s s — te*(t*S)A u(s u(s s te*(t*S)A u(s s

e AfuPu(s) ds = | (u(s) % Au(s)) ds-+ [ S(u(s) d
te_(t_s)A u(s s

+k§j_1 /0 Gr(u(s)) AWi(s)

=: Io(;)+11(t)+—|—f6(t) (412)
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Lemma 4.10. Let ug € D(A'/?), 3 € [0,1), and § € (0,1—f). Then P-a.s., we have v € C%([0, T]; D(A?)).
In particular, u € C([0,T]; H?).

Proof. Let p > 2 and § > 0 be numbers to be specified later. We aim to estimate E[ [[v(¢ + k) — v(t )HD(AE ]
for any h > 0. To this end, it suffices to bound

p

)

for j =1,2,...,6 in the following, where I; are defined in (4.12). For the first term, noting Theorem 2.4,
P-a.s. we have

p

.

E [HA’BIj(t +h) — APL(t)

t
E [HAﬂ[l(t + h) _ A’Bfl(t) / AB—%-HSe—(t—s)AA—E(e—hA o I)A%u(s) ds

0
.
crme[(f g or ]

L] <

t+h ) )
+E / A2 (90 A07hA A34(5) ds
t

t+h 1 1 P
+CE </ (t+h—s)~F72) )Aiu(s) i ds)
t
<CE| sup [[u(r)| (hfsptp(%*H) + hp<%*5)) . (4.13)
T7€[0,T

Similarly for the second term, using (2.3) and (2.5), P-a.s. we have

E [HAﬁIQ(t +h) - Aﬁfg(t)H;} <E [ /t AB=3+8e=(t=9)A4 4=6 (o=hA _ Y A3 (|u(s)[Pu(s)) ds

0
\ :
< ChPE K/Ot(t — )77 u(s) Pua(s) | o dsﬂ

p
]LQ:|

t+h 1
+E / AP =44 (lu(s)Pu(s)) ds
t

t+h L p
+CE </ (t+h— 3)—(5_5) H‘u(s)‘Qu(s)HHz dS)
t
<CE| sup |u()]|% (héptp@—ﬂ—é) + hﬂ%—ﬁ)) . (4.14)
T7€[0,7T

For the third term, using (2.3), (2.5) and interpolation inequalities, we have

p

)
p
IL2:|

/ot APTERTUmIAAT (I D AT A(fu(s) Puls)) ds
|
< g [( [/ =70 D0 A uto)Puts) |0 ) |

([ st )|

E [HAﬁIg,(t + 1) — APLy(t)

s

t+h
+E / Aﬁféef(tfs)Ae*hAA%A(\u(s)\Qu(s)) ds
¢

+CE
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< ChPE K/Ot(t — )77 flau(s) [ [l2(5) g dSﬂ

([ n= 9D o) o)l d)]
<Ch5pE{ w Hu(r)llﬂz>2p </0t(t—s)(25 25ds> </ [[u(s) H]I-]I4d8>

i @ 5/ rtth 5
+CE (T;é%]numnw) ([ asn-so@as) ([ u<s>H4ds)]

- 1 1
2 T 3
<C |E| sup HU(T)H%% (E [/ [w(s) |74 ds]) <h5ptp(1—6—5) + hp(l—ﬁ)) ) (4.15)
| 7€[0,T] 0
The term in I4 can be estimated in a similar manner, giving
E [HABLL(t +h) - ABI4(t)Hz 2} <C (hf;ptp(l*ﬂ*f” + hp“*ﬂ)) . (4.16)

Next, for the term I3, recall that S(u) = R(u) + L(u) as defined in (1.5) and (1.2). Noting assumptions
on L in Section 2.2, we have
v p
|<E
L2l [ ]LQ:|

+E

t
E [HAﬁLL—,(t +h) — ABIL5(1) / AP=AH0 (=) A 4 =0 (o=hA _ ) AT Suy(s) ds
0

p
‘ L2

<ot [l atsin], o)

t+h 1 1
/ APt (=94 mhA 4 Gy (s) ds
t

t+h 1 1 P
+CE (/ (t+h— ) B—D ‘A4S(u(s))HL2ds>
t
<CE| sup [u(r)| (héptp(§_5_5)+h”(%_ﬁ)). (4.17)
T€[0,T

Finally, we need to consider Is. To this end, we first note that the process

= ngWk(t)
k=1

is by assumption a Wiener process taking values in H?, hence the process B(t) = AW (t) is a Wiener
process taking values in 2. Also, since supyefo,r] [|w(t)|lg2 < oo, we find that the process

A [i (R, % u(t))Wk(t)]

k=1

is well defined in ]L2 and moreover

[ sup Z |G (e ”]I—]I2] < Z lgkllge +E

te[0,7] .= k=1

S [ >HHz] <.

t€[0,7] .
We then have

E[||A%T(t +B) - A7I5(t)| | AP=H e~ (chA _ 1) A3 Gy (u(s)) AW (s)

p ] S 2p_1E [
L2 0
k=1

p]
L2
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+2r71E

00 rtth . 1
Z/ AP~ 5= A=hA A5 1 (u(5)) AW (s)
k=17t

= 2p_1(J1 + JQ).
Invoking the Burkholder—Davis—Gundy inequality, we obtain for Ji:

- .
Ji <CE (Z /t HAB—%e—(t—s)A(e—hA B I)A%Gk(u(s))H; ds)
k=10

p]
]LQ

L\ )
- <Z [ |a-ttetonansier - pataue, ds)
k=170

/2
t ds p/2 2 \”
6]
SChp </0 W) E sup HA2Gk ( ))‘]LQ

T€(0,t] .
< Chopp=6-9), (4.18)

Similar arguments for Jy give

[ oo t+h L L 5 p/2
J<CE |} / HAﬂ*ae*@*S)Ae*hAAaGk(u(s))HLQ ds]
_ t

[ oo

t+h 1 9 p/2
< CE Z/t WHthk ())Hmds]

k=1
2
N p/
]LQ

h ds p/2 12
< </ 251) E sup HA G (u(s))
0o S T€[0,7] -,

< Chr=h), (4.19)
Combining (4.18) and (4.19), we obtain

E [HAﬁlg(t Y h) - ABIG(t)H;} <C (h‘spﬁ’(l*ﬁ*‘” + hp“*ﬂ)) . (4.20)
Altogether, estimates (4.13), (4.14), (4.15), (4.16), (4.17), and (4.20) imply that for any t > 0,
[HAﬁ (t+ h) — APo( H ] < ORopp(=6-9) 4 pp(1-6), (4.21)

Since p can be taken arbitrarily large, we find that for every § € (0,1 — ), where 5 € (0,1], P-a.s. we
have v € C%([0,T]; D(A?)) by the Kolmogorov continuity theorem.
Finally, since the map (¢, uo) — e *Aug is continuous in [0, 00) x D(A'/2), noting (4.21) for B = 1, we
have u € C([0,T); H?). This completes the proof of the lemma. O
5. PROOF OF THEOREM 2.5: PATHWISE UNIQUENESS

We prove Theorem 2.5 in this section.

Proof of Theorem 2.5. Let v := u; —uo and B = H| — Hs, where u; and uo are martingale solutions
of (1.1) (on the same probability space and with the same Wiener process). Then v satisfies

dv = (AMB = AAB — y(v x Hy +uy x B) + R(u1) — R(uz) + L(u1) — L(up)) dt

(Z Gk u1 Gk ’lLQ)) de(t)
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with v(0) = 0. Moreover, for any R > 0, define the stopping time
=inf{t > 0 : [Jur () [lg2 V llwa(t)]lg2 > R} (5.1)

Note that g — co as R — oo. Now, by It0’s lemma,

1
salvlte = (A (B,v)ia + A (VB, V)2 = 7 (g x B, )y

+{(Rlwr) = Rlu), o) + (L) = Lluwz), o)y + 5 3 |Galan) — Gi(wa) 2 ) . (5.2)
k=1

We have
A (B v)pa = =M [[Vol[Ee + A [[vl72 = Ar ] [0][IE2 = A [[ug - v]F2 = Ar (w1 - v)ug, v)p2, (5.3)
Ae (VB, V)2 = =X |Av[[F2 + A [[VV[F2 + Ae (Jut [P0, Av) 5 + A (w1 + u2) - v)ug, Av),,  (5.4)
and
—y (ug X B,v)j2 = =7y (u2 X Av,v)>. (5.5)

Substituting (5.3), (5.4), and (5.5) into (5.2), and integrating with respect to t yield
5 ol + A / | Aw(s)|2: ds + ( / IV0(s))|2 ds
<X /0 Jos) e s +Ar [ (n(5)- w(s))ual). (s ds-+ e [ (fun(s)Po(s). Ao(s) . ds
+ )\e/ <((u1(s) + uy(s)) - 'U(S))UQ(S), Av(s)>L2 ds — 'y/ (uz(s) x Av(s),v(s))y2ds
0 0

+/0 (R(ul)—R(uQ),szds—i—/o <L(u1)—L(uz),v>L2ds+;;/o 1G(ur) — Gro(us)|% ds
=t I (t) + Io(t) + I3(t) + Lu(t) + I5(t) + I6(t) + I7(t) + Is(t). (5.6)

With 7 as defined in (5.1), we will derive bounds for I;(t A 7g), for j =2,...,8, as follows. For the term
I>(t A TR), by Holder’s inequality and Sobolev embedding,

tATR

tATR
L(tNTR) < )\r/o w1 ()] oo |e2(5) |l 00 ”U(S)H?LQ ds < C’)\TRQ/O ||v(s)||]i2 ds.

For the term I5(t A 7r), by Holder’s and Young’s inequalities, and Sobolev embedding, we have

tATR
(t ATR) < Ao /0 a1 (8200 [[0(5) 2 | A(s) e ds

tATR 1 tATR 4 9
<% [ 1w s+ g [ o)l ool as
tATR CR4 tATR
<% [ 1A as+ S5 [T s
e 0
Similarly,
Ae tATR 9 1 tATR 9 9 9
Lt A ) < 5 /0 8v(s) eds + 3 [ )+ wa(o) e a9 (o)l
A tIATR CR4 tATR
< e / JAw(s)|2, ds + S / o(s)|2 ds
8 Jo Ae Jo
and

2 tATR

Ae [IhTR 0 2 2
enr) <2 [ e 2 [ sl o)l s
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Ae tATR C,YQRQ tATR
<% [ Iavitds+ S [ el s
0 e 0

Next, for the term Ig(t A 7r), by (2.9),

)\e tIATR 9 tINTR 9 9 9
st ) < 2 [T v s+ € [ i (15 o)) o) 2 s

IN

tATR

)\e tATR 9 5 > 9
T st ca e B [T el ds
0 0

For the term I (¢t A Tg), by the assumptions on L,

IN

t/\TR
I (t ATg) < c/ |v(s)|22 ds.
0

Finally, for the term Ig(t A 7g), we have

tATR 9
Is(t NTR) < 0h’72/ [v(s)[72 ds.
0

For brevity, we will assume A, —\, > 0 (otherwise interpolation inequality (2.4) can be used). Therefore,
replacing ¢ by t A 7 in (5.6), rearranging the terms, and taking expectations, we obtain

E| sup [o(r)|f:

TE[0,EtATR]

t/\TR '
+E U 18w (s)]2 ds] SC’(1+R4)/ E
0 0

sup ”’U(T)Hiz] ds.  (5.7)

T7€[0,sATR]
By Gronwall’s inequality, we infer that for any ¢ > 0,
2
E [ sup ||U(7')||]L2] =0.
TE[0,tATR]

Letting R 1 0o, and applying the monotone convergence theorem, we obtain v(¢) = 0 for P-a.s. w € Q,
as required. The existence of a pathwise unique strong solution (in the sense of probability) and the
uniqueness in law of the martingale solution are consequences of [24, Theorem 2.2 and Theorem 12.1]. O

6. PROOF OF THEOREM 2.6: EXISTENCE OF INVARIANT MEASURES

We will show the existence of invariant measures for the stochastic LLBar equation (1.3). Recall that
by Theorem 2.4 and Theorem 2.5, for any initial data ug € H?, the stochastic LLBar equation has a
unique pathwise strong solution which defines an H2-valued Markov process u. Let u(t;ug) denote the
process u starting at u(0) = ug. For a Borel set B and any t > 0, we define the transition functions

Pi(ug, B) :==P(u(t;ug) € B).
We can study the Markov semigroup {P;}+>0, defined for ¢ € By,(H?) by

Pip(ug) = E[p(u(t;ug))] = - ¢(u) P (ug,du), Vug € H?. (6.1)

A Borel probability measure p on H? is called an invariant measure for the Markov semigroup associated
to the problem (1.3) if for every t > 0,

/ é(uo) dp(uo) = / Pr(u0) dp(uo).
H2 H2

First, we prove the following bounds which will be used later.

Lemma 6.1. Let u be the solution of (1.3) given by Theorem 2.4. Then there exists a positive constant
C' such that for all ¢t > 0,

E [Hu(t)llip} - /Otuz [||u(s)\|§p] ds +/0

where C' depends on ||ugl|g:, but is independent of ¢.

B[IHG)E] ds+ [ B[IVAu();:]ds < C1+1)
0
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Proof. The proof follows the same line of argument as in Proposition 3.3 and Proposition 3.4, with w,, and
H,, replaced by w and H, respectively. As such, we will just outline the key steps here, while ensuring
that the constant C' is independent of ¢.

Firstly, following the argument leading to (3.11), and assuming A, —\e > 0 for simplicity of presentation,
we obtain

1
S0+ O =20 [ IV ds [ 18uEsds + 0 [ o)l
t
Y /0 lea(s)] V() |22 ds + 22 /0 lus) - Vu(s) |22 ds
1 9 t 9 t t ,
< g lle 4 [ ulEz ds+ € [ Wllam ()] [Pu(s)llzz ds+C [ (1+ fu)] s

iy / i l2 + a2 laa(s)] ds+§j / gos ()2 dWWi(s)
k=1

1 . t
g5uuoniz+0t+0||u||%2(w>+5 [ s Vs ds + € [ futs) 2 s

N —

+Z/ Gp u(s))p2 AWi(s) (6.2)

where in the last step we used Young’s inequality and the assumptions in 2.2. Therefore, noting the
inequality 22 < ex* 4+ 1/(4¢) for any ¢ > 0, we can absorb the penultimate term on (6.2) to the left.
Furthermore, since

e8] t ) 00 , . 2
E ;/0 | (gr u(s))y2 | ds] < <;HngM> E [/0 ()2 dS} < o0,

the process t — > 7 fot (g1, u(s)) 2 dW(s) is a martingale on [0,7]. Therefore,

E [ /0 (00 de(s)] _0. (6.3)

Taking expectation on both sides of (6.2), rearranging the terms, and noting (6.3), we then have

e [lu@i] + 2 [ [ i as] + 2] [ ueivaeiie] ccaro. e

Next, we follow the argument leading to (3.16) to obtain
1 s 1 4 t 2 ¢ 2 I [ 2
B [Vu(t)|f2 + 1 w(®)|lgs + A ”H(S)HL2 ds + Ae ||VH(S)HL2 ds + 3 Z ; Gr(u(s))];2 ds
=1
< C ol +C(1+1) + / | EE(s)2 ds + c/ lfau(s)| [Vea(s)][122 ds

e /0 Ju(s) |21 ds + C /0 \\u(s)!\ﬁ4ds—; /0 (g1 + yu(s) x by F(5))y0 dWi(s). (6.5)

Now, note that

E LZZI/O | (g1, +vu(s) x hi, H(s))2 ‘2ds]

< (kfj ugkuiz> e[ [ 1H )R 0] + (ki umn@) [ [ (o) as] + ce[ [ . as
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which is finite by our assumptions in 2.2 and Theorem 2.4. In particular, the process
o
=3 / (gr + yu(s) x hy, H(s))p2 dWi(s)
k=170

is a martingale on [0, 7]. This implies

E[Z/ (gr +Yu(s) X hy, H(s))> dWi(s)| = 0.
k=170

Therefore, taking expectation on both sides of (6.5) and noting (6.4), we obtain

B [Ivu(iZ:] + [luolt] +E[ [ 1m0 ] <ca+o (6.5)

Finally, note that VAu = VH — Vu + V(|u|>u). By Young’s inequality and Sobolev embedding,
t

/OE[IVAU(S)I\Lz]dSS/O E[1H (s)llg: + 1)l + 2 [[w(s)] [Vals)llp2 [[w(s)lli~ | ds

<C [T E[IHE) D + u) s + o] [Tul1E + lu(o)]E] s

= O +1),
where in the last step we used (6.4) and (6.6). This completes the proof of the lemma. O

Lemma 6.2. Let u be the solution of (1.3) given by Theorem 2.4. Then there exists a positive constant
C' such that for all ¢t > 0,

t
/ E [1og (1 + HA2u(s)Hizﬂ ds < Clluglfi + C(1+1),
0
where C depends on the coefficients of the equation, but is independent of .

Proof. Note that Proposition 3.3, Proposition 3.4, and Proposition 3.6 imply that for any ¢ > 0,
t
2
B [llu(t)|3:] + / E[[|a%u(s)[|7.] ds < C lluolz: + C(1+¢),
0

where C' is a constant depending only on o4, 03, and the coefficients of the equation. By Jensen’s
inequality, noting that the function x — logx is concave, we obtain

' 2 2 ! 2 2 2
/ E [log (1 + A u(s)HLQ” ds < log / E [1 + ||A u(s)HLQ] ds ) < Clluollgz + C(1 +1),
0 0
as required. O

Lemma 6.3. Let u be the solution of (1.3) given by Theorem 2.4. Then there exists a positive constant
C independent of ¢ such that for all ¢ > 0,

E [ sup 7 [|[VAu(r)[f2| < C(1+ ™),
T7€[0,t] i

where C' is a positive constant depending on ||wo||ye-

)
Proof. We will use (4.12) and estimate E [t HA%I]-(t)H]L2 for j =0,1,...,6. Firstly, we have

E [tHAiIO(t)HM —E [tHAietAAéuoH;] < \/EHA%uOH; (6.7)

The rest of the estimates follows the same argument as in the proof of Lemma 4.10, noting Proposition 3.3
and Proposition 3.6. Therefore, we have

E {t HAZIj(t)HM < O(1+ €%, (6.8)
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for j =1,2,...,6, where C' depends on ||ug||yz. The required estimate follows from (6.7) and (6.8). O

To prove the existence of an invariant measure, we adopt the techniques in [16]. First, we prove a
continuous dependence estimate and some strong moment bounds to establish the Feller property of the
transition semigroup P; defined in (6.1). The existence of an invariant measure then follows from the
well-known theorem of Krylov—Bogoliubov.

In the following, we will use the stopping time defined for any S > 0 by

o5(vo) = inf{t >0 : ||u(t;vo)|F > S}. (6.9)
The next lemma shows a continuous dependence result up to a stopping time.

Lemma 6.4. Let u™ and w be the solution of (1.3) with initial data ug® and wg respectively. Let
os :=o0s(ug*) A og(ug). Then for any ¢ € [0,7] and R > 0,

E| sup [u™(r) = u(r)|l

T€[0,t Ao 5]

tAog
TR [ [ o) - uts) ds} < Copr [Ju — o2

where Cg 7 is a constant depending on S and 7.

Proof. Let v(t) := u™(t) — u(t). By Itd’s lemma, following the same argument as in the proof of Theo-
rem 2.5, we obtain an inequality similar to (5.7), namely

tAog
e[ [ 180l 0
0

t
< C (02, + C(1 + 52)/ E
0

E| sup [lv(7)]32

T€[0,t Ao 5]

sup ‘U(T)Hiz] ds. (6.10)

T€[0,sN\0g]

Subsequently, for clarity we will suppress the dependence of the functions on ¢. Applying It6’s lemma
to the function ¥(v) = % |Av||?, then integrating with respect to ¢ (cf. proof of Proposition 3.6), we
obtain

13001+ [ 8% s+ (=20 [ 980l as
= 31800+ [ 3R
Y / (A(ju" ), Av),, d /(A u™ + ) - v)u), Av),, ds
Y /t< (lu™20), A2 >L2ds+)\/<A ™ ) - v)u), A%),, ds
/ (R(u™ (u), A%), , ds+/0t (L(u™) — L(u), A*v), , ds

+ <Gk(u1) — Gk(’u,g), A2U>L2 de(S)
k=1

1
=3 |Av(0)|122 4 Lo(t) + I3(t) + ... + Io.

We will estimate I;(t A og) for j = 2,...,9 as follows. Firstly, for the terms I>(t A og) and I3(t A og),
by (2.5),

t t
Lot Aos)| < C / ™2 ]2 ds < OS / )12 ds,
0 0

t t
Is(t Aos)| < C / ™ + ullgs ([l [0]12e ds < CS / )12 ds.
0 0
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Similarly, for the next term, by (2.5) and Young’s inequality,

t t )\6 t
Lt A o)) gc/o ™2 0] || A%0]),, ds < CS/O ]2 ds+8/0 | A%, ds.

The rest of the terms can be estimated in a similar manner, which we omit for brevity. Taking expected

value, we obtain the inequality
tA\og 9
+E [/ HAgv(s)HL2 ds]
0

t
SCHAU(O)H]QLQJrC’(IJrS)/ E
0

E| sup [Av(7)]ia

T€[0,tAos]

sup H’U(T)HHQ_Hz] ds. (6.11)

T€[0,sN\0s]

Adding (6.10) and (6.11), then applying Gronwall’s inequality yields

tAog
g 22| [ 8% as] < C oo 004,
0

2
sup  [|v(7)]|j52
T€[0,tAos]

as required. O

We introduce another stopping time related to the instant parabolic regularisation provided by the
equation (cf. Lemma 4.10). For any R > 0 and vg € H?, define

pr(ve) :=inf{t >0 : t|v(t;vo)|Zs > R}. (6.12)
Lemma 6.5. Let vg € H? and let o0g(vg) and pr(vo) be as defined in (6.9) and (6.12), respectively. Then

P(og(ve) < t) < =(1+ €Y, (6.13)

P(pr(vo) < t) < —=(1 + ), (6.14)

D AN Q

where C' depends on ||vg||g:-

Proof. By Proposition 3.3, Proposition 3.6, and Markov’s inequality, we have

M@@w<ﬂ=P<ﬁmHMﬂ%W%>S>§1E[wPWWW%]SCU+JW
r€(0,4] S | repoy S
Similarly, inequality (6.14) follows from Lemma 6.3 and Markov’s inequality. O
Next, define
os :=os(ug’) N os(uo), (6.15)
pr = pr(ug’) A pr(o). (6.16)

We can now show the Feller property of the transition semigroup P;.
Proposition 6.6. For each ¢ € C,(H?) and ¢ > 0, the map v — P;¢(v) is continuous.

Proof. Let € > 0 be given and fix ¢ > 0 and ug € H?. Let ugt € H? be such that Hug1 — u0HH2 < 1. With
os and pg as defined in (6.15) and (6.16) respectively, we write

[Pio(ug’) — Pio(uo)| = [E [#(ult; ug")) — élu(t; uo))]|
< [E [o(u(t;ug) - ¢(u(t: uo))] gcn]
+ |E [p(u(t; ug")) — ¢p(u(t; uo))] Ijp,<s]
+ |E [p(u(t; ugh) — ¢(u(t;uo))] s> lipp>ty| = E1 + B2 + Es.
We will estimate each term in the following. To this end, let ||¢]|, := sup,ecpz |¢(v)|. By Lemma 6.5,

By < 2|l (Plos(ug”) < t) +P(os(uo) <)) < % 9]l (1 +€7).
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Similarly,

C
By < 7 Il (1 ¢,

where C' depends on ||ugl|y2. By taking S and R sufficiently large, we can ensure that Ej + Ey < €/2.
Next, we will estimate E3. Note that on the set {pr > t}, we have uj*, ug € B := B3 ((R/t)%), where

B, (r) is the closed ball in H* with radius r centred at 0. On this ball B (which is compact in H? since
the embedding H? < H? is compact), we can approximate the given ¢ € C,(H?) by a Lipschitz function
¢ with Lipschitz constant L, such that

sup [6(v) — ()] < <.
vEB

Therefore, by the triangle inequality, Jensen’s inequality, and Lemma 6.4, we have

By < 2 5up [6(0) — (0| + Lo B [0 ) — ult: 40D g0

€
o

€ OSL u — wolly.

1
2

IA

(s ) — u(s;umuipb

s€[0,tAos]

A

which can be made less than €/2 whenever Hu})" - UOHHQ < €/(4CsL,) =: 0. Hence, we have shown that
if [Jugr — uOHH2 < 4, we have | P;p(ufl*) — Pip(ug)| < e. This completes the proof of the statement. [

Theorem 2.6 is an immediate consequence of the above lemmas, which we show below.

Proof of Theorem 2.6. Proposition 6.6 implies that the transition semigroup { P;}¢>o is Feller in H2. Next,
we show tightness of the family of probability measures {ur}r>1 given by

1

T
pr() o= /0 Py(uo, ) dt.

Let B3(R) denote the closed ball in H? with radius R centred at 0. Then, by Markov’s inequality and
Lemma 6.1, we have

T
sup iz (B By() = sup 7. [ P({Ju(sio) o > RY) ds

T>1
1 T
< sup — E|[||lu(s ds
<sup s | Bl
c(1+1T) 2C
< _ < — .
_2}5 R _R—>0 as R — oo

Since the embedding H? «— H? is compact, the family of probability measures {pr}7r>1 is tight on H?2.
This yields the existence of at least one invariant measure by the Krylov—Bogoliubov theorem.

We now show that such an invariant measure p is supported on H*. By the invariance property of s,
for any T' > 0 and ¢ € Cy(H?) we have

1 /T
/ d(uo) dp(uo) = / / T/ Py (ug,du)p(u) dt dp(ug). (6.17)
H2 mz Juz 4 Jo
For any n € N, R > 0, and v € H?, let

U, p(v) = (log(1 + || A%IL,0|7.)) A R,
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where II,, is the projection operator defined in (3.1). Note that for any ug € Ba(«), the ball of radius «
about the origin in H?, by Lemma 6.2 we have

1 2 2
l //Ptuo,du )0, g )dt‘ ‘/ E\I/mR(u(t;uO))dt’SC(l—i—W)SC(I—!—O}).
H2

Then by (6.17) and the above inequality, we have

/H2 U, r(ug) du(ug) < /H2 ;/0 /H2 Pi(ug, du)¥,, r(u) dt‘du(uo)
7/ "B, nu(t; uo)) dt\ dp(uo)

__/;ﬂa)ir

T

—i—/ / IE\IIH,R(u(t;uo))dt’du(uo)
H2\Ba(a) | L Jo

< C(1 + a*T7Y) u(Ba()) + R u(H2 \ By(w)),

where C' is a constant which does not depend on T', o, and R. First, we take a to be sufficiently large
(depending on R) so that R u(H?\ Ba(a)) < 1. Then we choose T sufficiently large (depending on ), so
that o7~! < 1. This implies

1

1

/ W, p(uo) du(uo) < C,
H2

where C' is independent of n and R. Letting n — oo, by Fatou’s lemma we have

/W ((bg(l +[|A%u0]|7,)) A R) dpu(uo) < C,

where C' is independent of R. By the monotone convergence theorem, taking R 1 oo, we obtain
2
/ tog (14 [ A% 7. ) di(uo) < oo.
H

In particular, this implies that p is supported on H*. This completes the proof of the theorem. O
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